Considering that a variety of biomolecular structures are in size scales much smaller than 100 nm, analytical tools for extracting geometrical signatures from data obtained by indirect measurements are essential for obtaining accurate structural information. Insights into the underlying geometrical origins of constituents of diverse systems in 3-Dimensional (3-D) space have formed the foundations for tools leading to elucidation of chemical and biomolecular structures. In this work, we develop a geometrical tool that transforms arrangement of apparently randomly positioned points in 3-D space into 2-D maps. This allows extraction of signatures of spatial organization and geometrical origins of the points in 3-D space. To test the geometrical tool, we analyze 13550 crystal structures of naturally occurring folded proteins. We report extraction of signatures of a universal spatial organization of backbones of folded proteins. We also report the remarkable finding that the "globular" shape of soluble proteins is ellipsoidal rather than spherical.
INTRODUCTION
Elucidation of structural features of small (molecular) assemblies, especially smaller than 100 nm and more specifically in the sub-10 nm scales, has been possible (to some extent) due to development of analytical tools for extracting geometrical signatures from indirect data measurements (e.g., molecular diffraction patterns, and, application of techniques with data output that depends on spatio-temporal parameters of molecular components). In spite of great technological advances aiding visualization of (bio)molecular structures, understanding spatial organization of biological (and even purely chemical/synthetic) polymers continues to be challenging problem. Some very elegant theoretical models tested on extremely limited experimental data have formed the foundations of our understanding of behaviour and/or geometrical organization of polymers in solutions, [1] [2] [3] [4] and to some extent as constituents of biological systems. 5 6 In fact, the discovery of DNA structure, considered to be one of the biggest scientific feats of human-kind in the last century, was achieved by geometrical analysis of very limited molecular X-ray diffraction data of backbones of B-DNA fibres. 7 More recently, the public availability of crystal structure data through the protein data bank, PDB, 8 allowed a * Author to whom correspondence should be addressed.
rigorous geometrical analysis of ∼ 4000 crystal structures of folded proteins. 9 10 In terms of simultaneous analyses, the geometrical investigation of such a large number of experimentally obtained biomolecular (protein) structures, without any specific culling of experimental data, was unprecedented. The work resulted in the discovery of a universal spatial organization of the backbones of naturally occurring folded proteins, regardless of their size (length of primary sequence), shape, structure and function. 9 10 This discovery, while generating a substantial discussion, 11 has withstood the test of scrutiny 12 especially the geometrical methodology employed to analyze the crystal structures. In fact, a shifting paradigm is already emerging from implications of the discovery of a universal spatial organization in folded proteins and the secular behaviour of amino acids. An efficient algorithm has been developed on a personal computer (as opposed to sophisticated high-performance-computing machines) to capture accurate backbone configurations of protein primary sequences by utilizing the concept of shapes of amino acids rather than sophisticated statistical potentials based on their conventional classifications, 13 in conceptual agreement with similar earlier proposals. 9 10 12 Elucidation of a universal spatial organization of backbones of naturally occurring folded proteins was made possible by treating C-alpha atoms in the crystal structures as points in 3-D space, and development of a rigorous geometrical analysis on these points without any assumptions. Serendipitously, the results on protein structures pointed towards the possibility of development of a rigorous mathematical tool for extracting organizing spatial principles in apparently random collections of points in 3-Dimensional (3-D) space. In this work, we develop a solid geometrical tool for identifying principles of spatial organization of points in space. Conceptually inspired by the Ramachandran plots, 14 we transform the apparently random organization of points in 3-D space into 2-D maps. We show the application of this geometrical tool by confirming the universal spatial organization in 13550 crystal structures of naturally occurring folded proteins, regardless of their sub-classification into secondary structure based categories, [15] [16] [17] [18] as suggested previously. 19 This work promises to lay the foundation for capturing signatures of spatial organizations in apparently random collection of coordinates in 3-D space, with direct applications in the areas of molecular structures and possibly even in understanding organization of cellular structures.
METHODS
All simulations and analyses were done in MATLAB (Mathworks Inc., USA). Spherical and ellipsoidal shells in unit cells were simulated using the inbuilt functions "sphere(n)" and "ellipsoid 0 0 0 1 1 0 5 n " that generate a total of [n n − 1 + 2] points forming the respective shells. Cylinder shells in unit cells were simulated using the inbuilt function "cylinder 1 n " that generates a total of n n − 1 points forming the cylindrical shell. Hourglass shells in unit cells were simulated using "cylinder r n " where r = 2 + cos t and t = 0 to 2pi with increments of pi/50. The hybrid (E + HG) shells were simulated using "cylinder r n " where r = cos t and t = 0 to 2pi with increments of pi/50. The neighbourhood data of points randomly selected from concentric shells was fit to the equation Y = Y Max 1 − e −kX n using fminsearch to obtain the values of n and k.
RESULTS AND DISCUSSION

The Control Experiment-First
Step:
Generation of Random Points Originating from "Ideal" Geometries
To be able to develop a geometrical tool for capturing signatures of spatial organizations, the first step was to conduct a reference study, i.e., set up a control experiment.
To do so, we first defined four "ideal" shapes ( Fig. 1(a) ).
Note that "ideal" here refers to well defined geometrical shapes from conic sections chosen arbitrarily to build the analysis. These ideal shapes were simulated as shells, with a defined number of points constituting these shells in 3-D space (red open circles, Fig. 1(b) ). Now a random number of points, "R" (black filled circles in Fig. 1(b) , see legend), were picked from amongst all the points constituting a shell. Obviously, these R points would obey a geometrical rule in terms of the analytical equation of the ideal shape in consideration. The next step was to generate 50 concentric ideal shapes ( Fig. 1(c) , see legend). Now, a set of R i random points were picked up from the ith concentric shape. This gave a total of R Total = R 1 + R 2 + R 3 + · · · + R 50 random points in 3-D space, such that while each set of R i would obey a very specific geometrical rule, no such assumption can be made for the R Total points. The key aspect to be investigated was how are (structures formed by) random points originating from ideal concentric shapes organized in 3-D space? Operationally, the question to be answered was-Is there a signature of the underlying geometry of origin of points in the final organization of R Total points?
The Control Experiment-Second
Step: Visualizing Spatial Organization of Random Points Originating from Ideal Concentric Shapes
To be able to answer the above, it was required to analytically visualize the points (currently present in 3-D space). as established earlier. 9 20-23 Y represents the total number of neighbours for all the points within a distance of X units in 3-D space. The second clear observation was the fact that the empirical equation fit the data well, regardless of the origin of points. This shows that the empirical equation can be utilized to analytically to visualize spatial organization of any set of (random) points in 3-D space. On a distinct, but important note, it is interesting to observe that at "close range," i.e., within X = 10 units, even random points show some deviations from the fits (e.g., see left panel in Fig. 2(b) ). Over the last 40 years deviations equivalent or even smaller than those observed here have been utilized to develop amino acid specific statistical potentials for understanding protein structuresdeviations have been considered indicative of preferred and non-preferred inter-actions between pairs of specific amino acid side chains. These results provide direct mathematical evidence that such deviations can arise out of purely random distributions and are not necessarily indicative of any preferential interactions that have been inferred from development of statistical potentials out of such
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Extracting Signatures of Spatial Organization for Biomolecular Nanostructures Each 3-D structure was generated as a collection of points forming a geometrical shell-surface of each structure was composed of N ∼ 9900 points. A random number (R) was generated between 0 and 9. "R" fixed the number of points to be picked up from a given geometrical shell. A new set of "R" random numbers was generated between 1 and N to randomly pick "R" coordinates out of N . For example, as shown by (•), with R = 8, 6, 6 and 7 for sphere, ellipsoid, cylinder and hourglass respectively. (c) 50 concentric structures were generated for each geometry, from L = 1 to L = 50. A planar slice of 10 concentric structures for each of the ideal geometries is shown (i.e., L = 1 to L = 10). For each of the concentric structures, an independent R was generated to create a collection of points. Thus,
R 50 for L = 50 gave a total of R Total = R 1 + R 2 + R 3 + · · · + R 50 random points in 3-D space in a 50 × 50 × 50 cubic unit box. The only common feature between different collections of random points (i.e., R 1 R 2 R 3 R 50 was their geometrical origin.
deviations. The obvious next step was to analytically visualize the sigmoidal behaviour of random points originating from all four ideal concentric shapes, and more importantly investigate the effects of R Total on the sigmoidal behaviour.
The Control Experiment-Third Step: Analytical Visualization of Spatial Organization of Random Points Originating from Concentric Ideal Shapes
For each set of the 50 concentric ideal shapes, 1000 sets of R Total random points were generated (by randomly generating R 1 R 2 R 3 R 50 between 0-9) . Neighbourhood analysis was done for each of the 1000 sets that yielded 1000 sigmoids for each of the ideal shapes ( Fig. 3(a) ). Note that at "close range," i.e., within X = 10 units, the random points show some deviations from the fits to the empirical equation (clearly visible for spherical and cylindrical origins, subtle for ellipsoidal and hourglass origins), as pointed out above in Figure 2 (b) also. Each of the 1000 sets of R Total random points originating from a given set of concentric ideal shapes was apparently leading to a different sigmoid. However, normalizing every sigmoid to its asymptote collapsed all 1000 curves (for a given geometrical origin) into a narrow sigmoidal band (Fig. 3(b) ). Further, all the asymptotes correlated excellently with corresponding R Total (insets in Fig. 3(b) ). These results provided the first evidence towards a unique signature of spatial organization of random points originating from known geometrical constraints, but not coming from the surface of the same geometrical structure. Were these narrow sigmoidal bands different from each other? In analytical terms, could the differences and/or similarities in the sigmoidal bands representing signatures of spatial organizations be captured by the parameters in the empirical equation?
The Control Experiment-Fourth
Analytical Visualizing Spatial Organization of Points Originating from a "Hybrid" of Ideal Shapes
To answer the above questions comprehensively, we also generated sets of R Total random points originating from a group of 50 concentric hybrid shapes (top row, left panel in Fig. 4 , also see legend). Sigmoidal behaviour of the spatial organization, collapse of 1000 sigmoids into a narrow band, and the strong correlation of asymptotes of each of the 1000 sigmoids with the respective R Total was confirmed for the hybrid shape also (Fig. 4(a) ). Now we were Fig. 1 ), 1000 random collections of points in 3-D space were generated. To be able to compare different collections of points (following notation in Fig. 1 , R Total originating from concentric spheres, ellipsoids, cylinders and hourglasses), R 1 R 2 R 3 R 50 were constant for each set (= 1 collection of points for each of the ideal geometries) of simulations. Thus, R Total was kept constant for a single simulation regardless of the geometry in consideration, and a total of 1000 sets of R Total were randomly generated. Each of the collections was represented by a single sigmoid-each panel shows 1000 sigmoids, each sigmoid representing a random collection of points in 3-D space originating from 50 concentric ideal geometries. (b) For each of the ideal geometries, the 1000 sigmoids collapse into a narrow sigmoidal band, when each sigmoid is normalized to its respective asymptote in (a), indicating a signature for the spatial organization. Insets show that the asymptotes (shown as Y representing Y Max correlate excellently (r 2 ≥ 0 99) with the respective total number of points (shown as N representing R Total . This indicates that the signature for spatial organization originates from total number of points in a given simulation (i.e., the sigmoids in (a) appear different only because of different number of points-more the number of points, more are the neighbours at a given distance).
in a position to investigate (a) whether the parameters "n" and "k" of the empiricial equation Y = Y Max 1 − e −kX n were capturing any differences between sigmodal bands representing spatial organization of random points having a common underlying geometry, and, (b) the values of these parameters for points originating from a hybrid shape in comparison to those originating from the original shapes utilized for creating the hybrid. Figure 4(b) shows the internal control that the total number of random points (i.e., R Total is similar for all sets of calculations, in terms of the actual Y Max values. Thus, computationally, there are no biases towards obtaining (or observing) possible differences in spatial organizations by simply varying the sample sizes. Figure 4 (c) shows "n" values for the different shapes. Two key observations were clear-(a) "n" for spatial organization of random points originating from hourglass shapes was different from other ideal shapes, and, (b) "n" for the hybrid shape was between the respective values of the ellipsoidal and hourglass shapes. (d) , it was apparent that somehow the combination of "n" and "k" values was providing a distinct signature of spatial organization of random points originating from a given underlying geometry. Was it possible to clearly visualize this apparent signature?
The Control Experiment-Fifth (and Final)
Step: Spatial Signatures of Organization of Random Points Originating from Known Geometries in "n-k" Space A direct attempt to answer the above question yielded a remarkable set of results. Figure 5 (a) shows a plot of all the n and k values for random collections of points originating from concentric ideal geometries. The plot shows a distinct "n-k" space as a clear spatial signature for the underlying geometry in the origin and organization of random points ( Fig. 5(a) , also see legend). Since Figure 5 (a) shows clusters of 1000 points each, we plotted the regions encapsulating each individual cluster in Figure 5 (b). Clearly spatial signatures of random points originating from known geometries were found in the "n-k" space. Even more remarkably, the "n-k" space of the organization of random points originating from the hybrid shape was mostly restricted to the intersecting/overlapping region of the two ideal geometries from which the hybrid shape was created in the first place (Figs. 5(c), (d) ). Clearly, the "n-k" space was providing a definitive tool for identifying the geometries underlying the organization of apparently random points in 3-D space. 
The Final Experiment-Application: Soluble
Proteins Have a Universal Spatial Organization, and a "Globular" Protein Shape is Ellipsoidal Rather Than Spherical
Unlike the data in Figures 1-5 in which all random points were exactly identical, C-alpha atoms in folded proteins represent points arising out of 20 different amino acids. Thus, for analytical purposes, it was required to explore 20 potentially independent and distinct neighbourhoods, assuming a unique geometrical origin for C-alpha coordinates corresponding to each of the 20 amino acids (rather than a common geometrical origin for all C-alpha coordinates regardless of any specific amino acid). Here, it is important to note that while a universal spatial distribution for folded proteins was already established based on analysis of ∼ 4000 crystal structures from the Protein Data Bank, 9 10 12 we decided to investigate spatial organization of backbones, for an even larger number of crystal structures, from the SCOP database (http://scop.mrclmb.cam.ac.uk/scop/) that structurally classifies proteins.
Thus, we analyzed 13550 crystal structures (PDB IDs of all the proteins are provided as additional file) of soluble proteins from the SCOP database (selected using only accuracy filters-only structures with a resolution of 2.5 Å or better, and without missing any coordinates for any residues were considered; No other specific "culling" of data was done). Considering each of the amino acids in the crystal structures individually, the geometrical analysis (described in Fig. 1 ) gave rise to neighbourhood data for a given protein backbone (i.e., C-alpha coordinates) in form of a 20 × 20 matrix at each neighbourhood distance. Figure 6(a) shows the geometrical representation of the analysis of C-alpha coordinates, analogous to random points in Figure 2(a) . Finally, the sigmoidal neighbourhood data was analyzed by plotting the total number of 20 × 20 matrices (which was equal to the total number of the defined neighbourhood distances) as a function of neighbourhood distance. Thus, for each classification of proteins from the SCOP database (see legend to Fig. 6 ), we obtained 400 sigmoidal data sets, each sigmoidal data set representing neighbourhood between two specific amino
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Extracting Signatures of Spatial Organization for Biomolecular Nanostructures acids out of the 20. Analysis of the sigmoidal data exactly as in Figures 2-4 yielded an expected, yet, remarkable result. Bottom panel of Figure 6 shows that regardless of structural classification of the proteins, and regardless of the amino acid neighbourhoods being investigated, C-alpha neighbourhoods in folded proteins form a definite cluster in the n-k space. This is the first direct and definitive mathematical proof confirming the earlier observations 9 10 12 that soluble proteins indeed have a universal spatial organization regardless of size, fold, structure and function. Further, the geometrical analysis also show that Cys-Cys neighbourhoods, for each of the 4 structural classes of proteins analyzed here, are different from the remaining 399 (= 20 × 20 − 1) neighbourhoods, 9 10 12 24 as marked by arrows in Figure 6 (b). The most remarkable result, based on the strong analytical controls developed in Figures 1-5 was that globular protein shape is ellipsoidal rather than spherical since the protein data clearly falls more in the ellipsoidal n-k space.
CONCLUSIONS
Assembly of biological materials on the size scales of (a) up to several nanometers (e.g., biopolymers such as proteins, 25 molecular aggregates such as small vesicles 26 and a variety of intracellular structures such as nanocrystals 27 ), and, (b) hundreds of nanometers to microns (e.g., intracellular compartments, 28 viruses and whole living cells 29 has inspired the development of a variety of synthetic materials (many utilizing bio-derived components) with different geometrical attributes suited for specific applications. [30] [31] [32] [33] [34] [35] [36] [37] [38] Elucidation of actual structural features of such small assemblies, especially smaller than 100 nm and more specifically in the sub-10 nm scales, has been possible (to some extent) by development of analytical tools for extracting geometrical signatures from indirect data measurements (e.g., molecular diffraction patterns 7 27 and application of techniques such as fluorescence resonance energy transfer 39 ). In general, pattern generation and recognition in 3-D space have been of wide interest in the area of molecular structures. Our thoughts towards investigating patterns (and elucidation of geometrical rules) followed by a known number of points with specific or specified coordinates are guided by the assumption/belief that there must be some thermodynamic and/or kinetic basis leading to the organization of coordinates of the known points. It needs to be appreciated (and emphasized) that, regardless of the system in consideration, the sample space of known points utilized to investigate underlying patterns is comprised of (a) only remnants or subsets of a larger distribution of points that is either too large to sample, or (b) presence of which has been indicated but not conclusively detected, or (c) presence of which is known to have occurred at an earlier time and some data exists to show disappearance of some points in the sample space due to certain events leading to their deletion.
In this work, we show conclusively that it is possible to decipher the origin of apparently random points in space that assemble to give a diversity of structures. We have developed "standard" spatial maps for distinguishing different clusters of coordinates originating from well defined geometries. Utilizing the maps, we mathematically show the existence of a universal spatial organization of naturally occurring folded proteins, regardless of their fold or function or size. Development of the spatial maps in this work could prove to be a major step in advancing our understanding of chemical and biomolecular structures, and more importantly the possibility of exploring their origins.
